The role of double humped states in spreading of wave packets for the nonlinear Schrödinger equation (NLSE) with a random potential is explored and the spreading mechanism is unraveled.
We consider the discrete nonlinear Schrodinger equation with a random potential in one dimension: i ∂ψ n ∂t = −ψ n+1 − ψ n−1 + n ψ n + β |ψ n | 2 ψ n
Where n are random potentials chosen uniformly from the interval [−2, 2] and β is a positive constant. For β = 0 this is the Anderson model, where all the states are localized.
Consequently, a wave packet that is initially localized will remain localized in the vicinity of its initial position. A question that is subject to extensive research is whether Anderson localization can survive the nonlinear term β |ψ| 2 ψ [1] . Numerical simulations indicate that for (1) Anderson localization is destroyed and subdiusion takes place [2, 3, 4, 5, 6] . Heuristic arguments were developed in order to explain these results [1, 3, 5] , but the detailed mechanism of possible spreading is not clear. Resonances between eigenstates of the linear model, namely (1) with β = 0 provide a reasonable mechanism for spreading and it is the subject of the present paper.
Double humped states ϕ + , ϕ − are two eigenstates of the Hamiltonian (1) which are localized over the same two sites that are far in real space while their energies are very close.
An example for such states appears in Fig.1 . According to Rabi's formula, in the linear case (β = 0), if one places (at time t = 0) a wave packet on the site of one hump and the states are exactly symmetric or antisymmetric with respect to the interchange of the humps, one nds the packet on the other site in time t with the probability
where ∆E is the dierence between the energies of the two double humped states and the time period is T Rabi = 2π ∆E . The period is preserved also for the case when the symmetry of the hump interchange is broken, as in the case of the random potential. This mechanism of jumping between sites has proved to be the main mechanism for low frequency ac conductivity in disordered media [7] . It is expected that its behavior may be strongly aected by the nonlinear term. For a double-well potential the low energy states are symmetric and antisymmetric double humped states, with the humps in the centers of the wells. In the absence of nonlinearity, (2) holds. But, for suciently strong nonlinearity the wavepacket will be conned to the initial well [8, 9] . In the present work we would like to explore if double humped states contribute to a mechanism of resonant spreading in the NLSE. In our study, we would like to distinguish between resonant spreading (caused by the double humped states) and diusive spreading from one state to its neighbors. For this purpose, we had to nd realizations where the humped states are located far from each other (in comparison with the localization length, in our case ξ ≈ 6). The probability to nd double humped states with humps located at a distance L is proportional to exp (−L/ξ) [7] and therefore realizations which couple states located far from each other are very rare (as we are looking for them in a nite region in real space). In order to overcome this problem and create a pool of realizations with double humped states in some region in real space, we have developed a strategy for double humps hunting. We choose some random potential having localized eigenstates in the linear case (Anderson localization). We focus on two sites so that we will have double humped states which are localized on these two sites. These sites will be denoted by O and P in what follows. The Hamiltonian of this realization is diagonalized, which results in a diagonal matrix with eigenenergies on the diagonal. Now, we vary the site energy of the original model on one site (say P ) of the two sites mentioned above. According to Feynman-Hellman theorem, when we increase monotonically the potential of a site, its energy is monotonically increasing and we can easily nd a point where the two diagonal terms are approximately equal. Since we change the realization, the Hamiltonian is not diagonal anymore and the sites are coupled by matrix elements of the order of exp (−L/ξ).
Taking the potential realization which creates almost identical energies in the diagonal of the Hamiltonian (written in the initial eigenstates basis), we can usually construct double humped states for this realization. In this way, we found a set of realizations having double humped states with distance of 25 sites (about 4 localization lengths in our case) between the humped sites.
After choosing appropriate realizations, we had to know which values of β should be chosen in order to see the inuence of the double humps. If we choose very small values of β, the system will behave similarly to the linear case and a wave packet initially localized on one humped site will oscillate between the humped sites for very long times. However, for large values of β, the linear eigenstates become irrelevant very quickly (compared to the period of the oscillations) and the correlation between the double humped states is broken before they have a chance to aect the dynamics. Moreover, high values of β suppress the oscillations between the humped states even in the double-well case [9] where there is no mixing with other states. So, we have to choose the β values very carefully. For this purpose, we use a double-well model [10] to set the scale of the eect of β. , we can see clearly the inuence of the resonance and we are still able to observe spreading for reasonable times.
In other words, the nonlinearity has two eects: destroying the double humped states and populating other states of the linear model. In order to distinguish the two eects we compare to the double-well model with a nonlinear term, where the two lowest energy states can be assumed isolated from the other states.
The dierence between the double-well model and (1) is that in the double-well model only two states participate in the dynamics (see appendix) and only these were taken into account for this model. Therefore, numerical calculations for the double-well model are much faster and allow us to estimate the behavior of (1) without performing time consuming (split-step) calculations. In addition, the dynamics in the double-well problem is periodic and gives us the time scale of the oscillations. Deviations of (1) 
The index i in the sum runs over all the eigenstates on the lattice except for the two double wavefunction is the second moment, dened as
where n = n n |ψ n | 2 is the averaged location of the wavefunction. When we compare the growth in the second moment for double humped realizations and the broken realizations, we see that the second moment of the double humped realizations grows faster, when the realizations are selected as was outlined above and in both cases the initial wave packet is localized at O. Some examples are presented in Fig. 3 . We examined 25 realizations of this form and the behavior presented in Fig. 3 is representative of all of them. This indicates that double humped states do substantially contribute to the spreading process of a wavefunction more than typical states.
In conclusion, we see that in the presence of nonlinearity that is not too strong, the spreading of a wave packet prepared initially near some site O is substantially stronger if there is a double humped state with one of its humps near O, than if the states peaked near O are single humped. We found that there is a regime of values where β is suciently small so that the double humped structure is preserved but the packet is not only oscillating between the humps but also leaks to other states, leading to spreading. In order to nd this nonlinearity regime, we have used the double-well model to isolate the two double humped states from the other eigenstates of (1) 
Appendix-Double-well model
In order to predict the response of the double humped states to variations of β, we rst investigate a model where only two states exist, the double-well model. In this way we avoid the inuence of the other states of the NLSE. For this model, the NLSE is
where (r) is the double-well potential. It is convenient to write the wavefunction in the form [11] Ψ (r, t) = ψ 1 (t) φ 1 (r) + ψ 2 (t) φ 2 (r) (6) where φ 1 (r) and φ 2 (r) are symmetric and antisymmetric combinations of the double humped eigenstates (and therefore they are orthogonal) while ψ 1 (t), ψ 2 (t) are the amplitudes of φ 1 (r), φ 2 (r) at time t. Eq. (5) takes the form: and broken (dashed green) realizations for wave packets started in the vicinity of O.
After multiplying both sides by φ 1 (r) (φ 1 and φ 2 are localized and therefore they can be chosen to be real) and integrating over r, (7) becomes
Following [10] , it is convenient to write (8) as
where
and we have used the relation |ψ 1 | 2 + |ψ 2 | 2 = 1. In a similar way,
and
In order to establish the connection with the double humped states of (1), the coecients of (10) and (12) were taken from the the Schrödinger Eq. (1). First we have expressed these coecients for the linear case β = 0 where only ω 1 , ω 2 and K do not vanish. For this purpose we nd ϕ + and ϕ − , the double humped eigenstates of (1) for β = 0. the amplitudes ψ 1 (t) and ψ 2 (t) of the symmetric and antisymmetric combinations
satisfy the Schrödinger Eqs. (9) and (11) . Therefore, When we write the Hamiltonian (1) in a basis composed from φ 1 and φ 2 in addition to all the single humped eigenstates of (1), K will appear as an o diagonal term which couples φ 1 and φ 2 while ω 1 and ω 2 will appear as diagonal terms. In the nonlinear case, K stays the same while ω 1,2 = ω 
It is easy to nd (numerically) w (t) which gives us the time period and the amplitude of the 
